In the broken-symmetry phase of the electroweak theory there is no unique definition of the electromagnetic field tensor in cases where the magnitude of
Introduction
It is well-known that the concept of an electromagnetic field has no meaning in the symmetric phase of the electroweak theory, since vector potentials may there be rotated into each other by gauge transformations. In contrast, one may expect that the electromagnetic field should become uniquely defined as soon as the SU(1) L ×U(1) Y symmetry breaks to U(1) EM , because the photon field is then distinguished as the only vector field with zero electric charge and zero mass.
Despite this anticipated uniqueness, several gauge-invariant definitions of the electromagnetic field tensor are in common use. It was recently discovered by this author [1] that even those definitions that coincide when the Higgs magnitude ρ = (Φ † Φ) 1/2 is constant, give different results when ρ has a space-time dependence. Unless this ambiguity can be resolved, statements about the strength, presence or absence of electromagnetic fields are meaningless when characterising field configurations that include a variation of the magnitude of the Higgs field, e.g. near (non-)topological defects, on the walls of expanding bubbles of the broken-symmetry phase in a first-order electroweak phase transition, or in the hot early universe subject to large thermal fluctuations of the Higgs field.
In the Higgs ground state, characterised by a constant Higgs field with magnitude ρ ≡ v, the electromagnetic fields of everyday life are distinguished by a set of properties that uniquely set them apart from other strong and electroweak interactions:
A. An electromagnetic field is a long-range field, i.e. it always extends from point sources or line sources according to a power law without exponential suppression.
B. There are no magnetic charges or magnetic currents that can generate an electromagnetic field.
C. An electromagnetic field is never generated by an electrically neutral current.
In this Letter we show that the definition of the electromagnetic field tensor can be extended to a general gauge and space-time varying Higgs magnitude ρ(x) > 0 in such a way that all the above intuitive aspects of electromagnetic fields are preserved.
In section 2 we investigate the properties and physical consequences of various proposed gauge-invariant definitions of the electromagnetic field tensor in the electroweak theory. By imposing the long-range force requirement (property A) one finds that all the preexisting definitions are eliminated except the tensor F em µν proposed in Ref. [1] , given here in eq. (7).
This argument does not prove per se the non-existence of other definitions that might fulfil the requirement. It does, however, point to a field tensor which has the property C and which satisfies the Bianchi identity, implying not only that property B is accommodated, but also that the field tensor may be written in any gauge as the curl of a vector potential.
This vector potential is constructed in section 3 and in Appendix A. First, it is noted that the electromagnetic vector potential in the unitary gauge is given by the usual massless field A µ , also when ρ has a space-time dependence. By applying a general gauge transformation to the vector fields, and expressing the SU(2) part of this gauge transformation in terms of the Higgs field, a vector potential A em µ is constructed with the property that it changes at most by a gradient under arbitrary SU(2)×U (1) 
Gauge-Invariant Definitions of the Electromagnetic Field Tensor
The mass eigenstates of the vector-boson fields are determined by the Lagrangian kinetic term for the Higgs field, (
In the unitary gauge the Higgs field is given by
and it follows immediately from eq. (1) [3] , imposing the unitary gauge would result in a loss of generality.
Consider therefore a general gauge with Higgs field Φ = (ϕ 1 (x), ϕ 2 (x)) ⊤ . The field A µ defined in eq. (1) then couples to ϕ 1 (x) and becomes massive. Evidently, at positions x where ϕ 1 (x) = 0, A µ is no longer the photon field. Consequently, the electromagnetic field tensor F em µν can no longer have the same expression as in the unitary gauge. Instead, one must construct a gauge-invariant definition of F em µν whose value in any gauge coincides (except at points where Φ = 0) with that obtained by (locally) transforming all fields to the unitary gauge and evaluating it there. To this end, let us define a three-
, where τ a , a = 1 . . . 3, are the Pauli spin matrices. Note thatφ a is independent of the magnitude ρ and depends only on the isospin orientation of Φ.
Let us start by considering a gauge-invariant definition first proposed by Nambu [4] and subsequently used in investigations of the distribution of electromagnetic fields and charges inside the electroweak sphaleron [5, 6] . It is given by
where 
with
A peculiar, and in our opinion unattractive, property of this definition is that it admits finite-range electromagnetic fields. This becomes apparent in the unitary gauge if we consider a field configuration with A µν = 0 containing a localised distribution of
Although this is not a common-day occurrence, such a configuration of W fields is in principle realisable in nature. Because the W fields are massive, the electromagnetic fields given by F N µν are non-zero but decay exponentially away from their sources. This marks a departure from the usual, intuitive notion of electromagnetic fields as being long-range fields with a power-law behaviour. Moreover, since A µ is a massless field in the unitary gauge regardless of ρ(x), we are guaranteed of the existence of another field tensor, e.g. A µν , which always decays away from its sources according to a power law, and if this is not the electromagnetic field, one may have to consider a different name for the field with this property.
There is a clarifying analogy with Maxwell's equations in a medium which corroborates this picture. We can identify the field tensor components F N ij with the magnetic intensity H, whose sources are only the free, or external, currents. The magnetic field, or induction, B is in the unitary gauge identified with A ij and is produced by all currents, including the magnetisation currents in the medium. These fields are related by H = B − 4πM , where the magnetisation M can be identified with the W -boson terms.
To justify this analogy, let us consider a uniform magnetic intensity H = |H| in the x 3 direction. If the external current is sufficiently high, so that H exceeds the critical value M 2 W /e, the electroweak vacuum becomes unstable with respect to the production of a condensate of W -boson pairs [7] in the spin polarisation state
With H = F N 12 and B = A 12 it follows that B = H + 2e|W | 2 , and one finds that the W bosons contribute a positive magnetisation M = e|W | 2 /(2π). As a consequence the vacuum is paramagnetic for H > M 2 W /e, as was shown in Ref. [7] . Let us return to the Gedanken experiment with the localised W -boson distribution.
It follows from the field equations for A µν that, in order to obtain A µν = 0, which was part of the premises, one would have to screen the current of the W fields by means of an external current. If we now interpret A ij as the magnetic field, the mutual screening of the two currents provides a physical reason for A ij to be zero. Moreover, there is no contradiction between A ij being zero at large distances and being a long-range force with a power-law behaviour, because A ij is zero everywhere.
Armed with this new intuition, let us now investigate some alternative gauge-invariant definitions of the electromagnetic field tensor.
In order to obtain the full electromagnetic field A µν in the unitary gauge, i.e. not only the part generated by free currents, one would have to subtract the W -field terms of F N µν in a gauge-invariant way. This problem was partly solved by Vachaspati, who proposed the following field tensor [8] ,
The added term in the above expression cancels the quadratic terms in the W field correctly when ρ is constant, but introduces extraneous terms when ρ has a space-time dependence. This becomes apparent in the unitary gauge, where F V µν reduces to [9] 
Consider now the case A ij = 0 with non-zero field components Z i and gradient of the
This situation is characteristic of the interior of the electroweak Z-string solution [2] . With the definition (6) one would then conclude that there is a magnetic field present [9] . However, as is shown in detail in
Ref. [1] , this definition would imply that electromagnetic fields can be generated by electrically neutral currents. These currents are obtained in the unitary gauge by taking the divergence of eq. (6), and consist of derivatives of the neutral fields Z µ and ρ. A definition of the electromagnetic field tensor that exhibits none of the above unattractive features was proposed in Ref. [1] :
where
c . It reduces to A µν in the unitary gauge (2) for arbitrary ρ = ρ(x). The fact that A µ is always a massless field in this gauge ensures that F em µν is a long-range field with a power-law behaviour. In fact, F em µν is the unique gauge-invariant realisation of A µν , since two gauge-invariant tensors that agree in one gauge have the same value in any gauge. The definition (7) has appeared previously in Ref. [5] and, for the Glashow-Georgi SO(3) model, in Ref. [10] . 
where ρ, α, β, and ω are all functions of the space-time coordinates x µ . This configuration can be transformed to the unitary gauge by means of a gauge transformation Φ → UΦ with U ∈ SU(2) defined by U = e −iβ cos ω −e iα sin ω e −iα sin ω e iβ cos ω .
We then obtain, in the unitary gauge, a Lie-algebra valued vector potential
and its curl gives the electromagnetic field
On the other hand, one can evaluate the field tensor F em µν of eq. (7) 
"Gauge-Invariant" Vector Potential for the Electromagnetic Field
Because the preferred electromagnetic field tensor (7) satisfies the Bianchi identity 
The vector potential A em µ can then be expressed as
As is shown in Appendix A, this expression for A em µ is in fact invariant under SU(2) gauge transformations, and changes by a pure gradient under U(1) transformations.
A more practical expression, for which the connection to eq. (7) is easier to establish, is obtained by rewriting V in terms of the unit isovectorφ = {φ a } ∈ S 2 and a U (1) phase. One finds
where ξ is the phase of the lower component of Φ. By means of the unit-vector constraint φ aφa = 1 the vector potential A em µ can now be written
A term ∂ µ (2 sin θ w ξ/g) was omitted here, as A 
which is regular everywhere.
Although eqs. (15) and (7) look superficially similar, the proof that
µ requires some effort, and is deferred to Appendix B. Instead, let us here establish that A em µ changes at most by a pure gradient under arbitrary gauge transformations.
First, under a U(1) transformation Φ → e iθ Φ, the only change is
which gives a pure gradient in A em µ . Continuing with the group SU(2) we consider, for simplicity, infinitesimal transformations defined by
Inserting this into eq. (15) and expanding in ω a , the linear terms are
In the last step, leading again to a pure gradient, the constraintφ aφa = 1 was used.
In the unitary gauge, where Φ = (0, ρ) ⊤ andφ a ≡ −δ a3 , the electromagnetic potential 
It is noteworthy that, although expressions similar to eq. (13) have occurred previously [8, 5] , the crucial term with the matrix V was missing. This term is needed to cancel the inhomogeneous Maurer-Cartan term acquired by the vector potentials under gauge transformations. Expressions without this term are not gauge-invariant and also fail in general to project out the massless component of the gauge potential.
Gauge-Invariant Definition of Magnetic Flux
Because of the existence of a vector potential A em such that F em = d ∧ A em , we have by
where S is an oriented surface with correspondingly oriented boundary ∂S. Therefore, the flux Φ B of the magnetic field
jk across a surface S with normal n is given by
This expression is invariant under SU (2)×U (1) field has different isospin orientation in each of the three bubbles, it can be shown that a magnetic field is produced in the collision [11, 12] . This magnetic field is initially given by the last term in eq. is defined everywhere along the contour ABCA, the magnetic flux through the triangle bounded by this contour can be defined as 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 
Conclusions
We have shown that the definition of the electromagnetic field tensor can be extended to a general gauge and to a space-time varying Higgs magnitude ρ(x) in such a way that the familiar properties of an electromagnetic field are retained. More precisely, the gauge-invariant field tensor F em µν defined by eq. (7) is a long-range field with power-law behaviour away from point sources or line sources (A), satisfies the Bianchi identity everywhere except on the worldlines of magnetic monopoles (B), and is never generated by an electrically neutral current (C).
These three properties do not uniquely define an electromagnetic field tensor. Even in the Higgs ground state with ρ ≡ v, the choice F em µν = A µν (unitary gauge), with A µν = ∂ µ A ν − ∂ ν A µ , is a matter of long-standing convention. One may add, for example,
to the field tensor, where h α is any tensor containing charged fields that is invariant under the unbroken U(1) symmetry, without affecting any of the properties A, B or C. Nonetheless, the conventional choice A µν is the simplest field tensor that can be constructed from A µ , and the tensor F em µν defined by eq. (7) is its unique gauge-invariant extension.
The field tensor F em µν has the important property that it receives contributions from gradients of the phases of the Higgs field also when the vector potentials are zero. This is as should be expected, because under a transformation to the unitary gauge these gradients are converted into non-zero vector potentials that contribute to A µν . The generation of electromagnetic fields from such Higgs gradients has important applications in cosmology, e.g. in electroweak bubble collisions [3, 11, 12] , and may likewise have some significance in the interior of defects such as the electroweak sphaleron [5, 6] . 
Solving forĀ \ µ , we obtain
BecauseĀ \ µ is the vector potential in the unitary gauge, it is, by definition, gaugeinvariant, and so are its componentsW 
The gauge-invariant electromagnetic vector potential is given by its value in the unitary gauge,Ā µ = sin θ wW 3 µ + cos θ wȲµ . This differs from the expression (13) only by a puregradient term −∂ µ λ/e, which may be omitted. Whereas V is uniquely determined by the Higgs field Φ, the function λ(x) is arbitrary and corresponds to the unbroken U(1) symmetry of electromagnetism.
Appendix B: Curl of the electromagnetic vector potential
In this appendix we prove that the curl of A 
The identity ǫ 3bc ∂ µφ b ∂ νφ c =φ 3 ǫ abcφa ∂ µφ b ∂ νφ c leads to the result ∂ [µ A
µν , which completes the proof. 2
